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Abstract. This article presents a review of recent developments on various aspects
of the quantum Rabi model. Particular emphasis is given on the exact analytic
solution obtained in terms of confluent Heun functions. The analytic solutions for
various generalisations of the quantum Rabi model are also discussed. Results are also
reviewed on the level statistics and the dynamics of the quantum Rabi model. The
article concludes with an introductory overview of several experimental realisations of
the quantum Rabi model. An outlook towards future developments is also given.
1. Introduction
80 years ago Rabi [1] introduced a model to discuss the effect of a rapidly varying
weak magnetic field on an oriented atom possessing nuclear spin. The simplest case
corresponds to a two-state system. The atom is treated as quantised, and the field is
treated as a classically rotating field. The effect of a non-rotating, alternating field was
later discussed by Bloch and Siegert [2], who found a shift in the position of the resonance
– now called the Bloch-Siegert shift. This shift has been observed in experiments with
a driven superconducting qubit [3].
Jaynes and Cummings [4] introduced a similar quantum model in 1963 describing
a two-level atom interacting with a quantised mode of an optical cavity. Their initial
goal was to study the relationship between the quantum theory of radiation and the
corresponding semi-classical theory. Despite its simplicity, the quantum Rabi model was
not regarded as exactly solvable. To solve the model, a rotating wave approximation
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(RWA) was taken. In this approximation, known as the Jaynes-Cummings (JC)
model, the counter-rotating term (CRT) is neglected, which turned out to be a valid
approximation for the near resonance and weak coupling parameter regions of relevance
to many experiments. The JC model is readily solved, including the dynamics, and has
been very successfully applied to understand a range of experimental phenomena, such
as vacuum Rabi mode splitting [5] and quantum Rabi oscillation [6].‡
The various coupling regimes of the quantum Rabi model can be defined in terms
of the qubit frequency 2∆, the mode frequency ω and the coupling g between the two
systems. These regimes are [10]§
(i) decoupling regime: 2∆≪ g ≪ ω,
(ii) JC regime: g ≪ ω, 2∆ and |ω − 2∆| ≪ |ω + 2∆|,
(iii) anti JC regime: g ≪ ω, 2∆ and |ω − 2∆| ≫ |ω + 2∆|,
(iv) intermediate regime: 2∆ ∼ g ≪ ω,
(v) two-fold dispersive regime: g < ω, 2∆, |ω − 2∆|, |ω + 2∆|,
(vi) ultrastrong coupling regime: 0.1 < g < ω,
(vii) deep strong coupling regime: g > ω.
In important experimental developments for engineered quantum systems, all
relevant system parameters are tunable, allowing new quantum regimes to be
reached. These systems include superconducting qubits coupled to microwave waveguide
resonators [11, 12, 13, 14], LC resonators [15, 16, 17] and mechanical resonators
[18, 19, 20]. In particular, the ultrastrong coupling regime can be realised. In addition, in
femtosecond-laser-written waveguide superlattices, a classical simulator of the quantum
Rabi model in the deep strong coupling regime has been realised [21]. Moreover, results
have been reported for a superconducting qubit-oscillator circuit in the ultra strong
coupling regime and beyond [22, 23]. In such regimes, the usual RWA is no longer
valid and the CRT cannot be neglected. The direct evidence of the breakdown of
the JC model has been reported [13]. Various methods have been proposed to tackle
the strong coupling regimes, including what has come to be known as a generalised
RWA [24, 25, 26, 27, 28, 29, 30] for obtaining successive approximations for the
eigenspectrum of the quantum Rabi model. As a result, several interesting phenomena
due to the CRT have been predicted (see also [31, 32, 33, 34, 35, 36, 37]).
In another development, it was found by Braak in 2011 that the quantum Rabi
model is exactly solvable. Braak presented an analytic solution for the quantum
Rabi model in the Bargmann-Fock space of analytic functions, deriving conditions
for determining the energy spectrum [38, 39, 40]. Subsequently this condition was
reproduced via Bogoliubov transformation [41]. It was further found that the analytic
solution for the quantum Rabi model can be given in terms of confluent Heun functions
[42, 43], with the well-known Judd isolated exact solutions [44] appearing naturally as
‡ For an early review of JC physics, the reader is referred to [7] (see also [8, 9]).
§ One further regime is defined by the limit ω = 0, which is the relativistic Dirac regime [10].
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truncations of the infinite series defining the confluent Heun functions. Braak’s analytic
solution of the quantum Rabi model heralded an ongoing wave of solutions for the
full eigenspectrum of various known generalisations of the quantum Rabi model. The
emphasis of this article is on reviewing these developments, with particular attention
given to the analytic solutions.
The review is set out as follows. In Section 2 we discuss the eigenvalue problem
and analytic solutions obtained for the quantum Rabi model, also touching on the
issue of integrability. Section 3 is devoted to the energy spectrum and dynamics of
the quantum Rabi model, including both the regular and exceptional parts of the
eigenspectrum. Level statistics and dynamics of the quantum Rabi model are also
discussed in this section. In Section 4 we discuss the analytic solutions obtained for
the asymmetric quantum Rabi model, the anisotropic quantum Rabi model and the
two-photon quantum Rabi model. Section 5 is devoted to an overview of a selection
of experimental realisations of the quantum Rabi model. The different experimental
platforms covered are a single atom in a cavity, superconducting circuits and hybrid
mechanical systems. Concluding remarks, with an outlook to future developments, are
given in Section 6.
2. Eigenvalue problem and analytic solutions
The quantum Rabi model is described by the hamiltonian (~ = 1)
HR = ∆σz + ωa
†a+ gσx(a
† + a), (1)
where a and a† are the destruction and creation operators for a single bosonic mode of
frequency ω, σx and σz are Pauli matrices for a two-level system with level splitting 2∆,
and g denotes the interaction between the two systems. In terms of the spin raising and
lowering operators σ± = 1
2
(σx ± i σy) the interaction term can be written as the sum of
two terms: gσx(a
† + a) = g(σ−a† + σ+a) + g(σ+a† + σ−a), where g(a†σ− + aσ+) is the
rotating term and g(a†σ+ + aσ−) is the CRT. Jaynes and Cummings [4] proposed the
RWA where the CRT is neglected. The resulting simplified model, with hamiltonian
HJC = ∆σz + ωa
†a+ g(σ−a† + σ+a), (2)
is known as the Jaynes-Cummings (JC) model. This model has the additional conserved
operator
N = a†a + σ+σ−, (3)
which can be readily seen to commute with HJC. As a result, the state space of the JC
Hamiltonian decomposes into an infinite sum of two-dimensional invariant subspaces.
The operator N generates a continuous U(1) symmetry of the JC model. In the
quantum Rabi model, the U(1) symmetry is broken by the CRT. Nevertheless, the
quantum Rabi model does have a Z2 symmetry, which has been used in the derivation of
conditions determining the energy spectrum [38, 39]. This symmetry is further discussed
in [45, 46, 47]. For the quantum Rabi model, the parity operator
Π = −σz(−1)a†a, (4)
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is the conserved quantity, with [HR,Π] = 0 and eigenvalues p = ±1.
The eigenstate |ψ〉 of the quantum Rabi hamiltonian can be expressed as two-
component wave functions
|ψ〉 =
(
ψ1
ψ2
)
. (5)
From the Schro¨dinger equation HR|ψ〉 = E|ψ〉, it follows
a†aψ1 + g(a† + a)ψ2 +∆ψ1 = Eψ1, (6)
a†aψ2 − g(a† + a)ψ1 −∆ψ2 = Eψ2. (7)
Here for brevity, we have set ω = 1. Introducing linear combinations of ψ1 and ψ2,
φ1 = ψ1 + ψ2 and φ2 = ψ1 − ψ2, gives
a†a φ1 + g(a† + a)φ1 +∆φ2 = Eφ1, (8)
a†a φ2 + g(a
† + a)φ2 +∆φ1 = Eφ2. (9)
This can be written in the matrix form
H ′R
(
φ1
φ2
)
= E
(
φ1
φ2
)
(10)
with
H ′R =
(
a†a+ g(a† + a) ∆
∆ a†a− g(a† + a)
)
. (11)
In recent years different methods have been proposed to construct analytic solutions
for the eigenspectrum of the quantum Rabi model. In the Bargmann-Fock space of
analytical functions [48], the quantum Rabi model can be mapped into two coupled
first-order ordinary differential equations for the wave function components ψ1 and ψ2
[49, 50, 51, 52, 53]. Braak [38, 39] used this approach to explicitly construct an analytic
solution and derived the conditions for determining the full energy spectrum taking
advantage of the Z2 symmetry. Braak’s analytic solution was recovered in an alternative,
more physical way using a Bogoliubov transformation [41]. It was further found that
the complete set of analytic solutions can be given in terms of a known special function
– the confluent Heun function [54, 55]. Different conditions for determining the full
energy spectrum of the quantum Rabi model were obtained in this way [42, 43]. In the
remainder of this section, we give an outline of the recent progress achieved using these
methods.
2.1. Solution via Bogoliubov transformation
Soon after the solution obtained by Braak [38] for the energy eigenspectrum, the
Bogoliubov transformation was applied [41] to give the analytic solution of the quantum
Rabi model. The aim of the Bogoliubov transformation is to introduce a new bosonic
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operator to remove the linear terms in the operators a† and a in hamiltonian (11). Two
different forms,
A = a+ g, A† = a† + g, (12)
B = a− g, B† = a† − g, (13)
of such operators have been used. In terms of the operators A and A†, the hamiltonian
H ′R becomes
H ′R =
(
A†A− α ∆
∆ A†A− 2g(A† + A) + β
)
, (14)
where α = g2 and β = 3g2. The wave function components φ1 and φ2 are assumed to
take the form (
φ1
φ2
)
=
( ∑∞
n=0
√
n!en|nA〉∑∞
n=0
√
n!fn|nA〉
)
, (15)
where en and fn are the expansion coefficients and |nA〉 is the extended coherent state
defined by
|nA〉 = (A
†)n√
n!
|0A〉, |0A〉 = e−g(a†−a)|0a〉 = e−g2/2|(−g)a〉. (16)
Here |0a〉 is the vacuum state and thus |0A〉 is just the coherent state |(−g)a〉.
Substitution into equation (10) gives
∞∑
n=0
(n− α− E)
√
n!en|nA〉+∆
∞∑
n=0
√
n!fn|nA〉 = 0, (17)
∞∑
n=0
(n+ β −E)
√
n!fn|nA〉+∆
∞∑
n=0
√
n!en|nA〉
−2g
( ∞∑
n=0
√
n
√
n!fn|(n− 1)A〉+
∞∑
n=0
√
n+ 1
√
n!fn|(n+ 1)A〉
)
= 0. (18)
Multiplying 〈mA| on both sides of the above equations then gives the relations
em = − ∆
n− α−Efm, (19)
mfm = Ω(m− 1)fm−1 − fm−2, (20)
between the expansion coefficients en and fn, with
Ω(m) =
1
2g
(
m+ β −E − ∆
2
m− α− E
)
. (21)
Note that the coefficients fm in equation (20) obey a three-term recurrence relation. The
initial conditions may be chosen up to an overall normalisation as f0 = 1 and f1 = Ω(0).
On the other hand, in terms of the operatorsB andB†, the hamiltonianH ′R becomes
H ′R =
(
B†B + 2g(B† +B) + β ′ ∆
∆ B†B − α′
)
, (22)
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where α′ = α = g2 and β ′ = β = 3g2. In this case, φ1 and φ2 can be written in the
different form (
φ′1
φ′2
)
=
( ∑∞
n=0(−1)n
√
n!f ′n|nB〉∑∞
n=0(−1)n
√
n!e′n|nB〉
)
. (23)
Following the above procedure gives
e′m = −
∆
n− α′ −Ef
′
m, (24)
mf ′m = Ω
′(m− 1)f ′m−1 − f ′m−2, (25)
with
Ω′(m) =
1
2g
(
m+ β ′ − E − ∆
2
m− α′ − E
)
. (26)
Here the initial conditions may be chosen up to an overall normalisation as f ′0 = 1 and
f ′1 = Ω
′(0).
Now an important issue is the relation between the two different forms of solutions
(15) and (23). Physically, if this eigenvalue is not degenerate, they should represent the
same state. So they should only differ by a constant r, i.e.,(
φ1
φ2
)
= r
(
φ′1
φ′2
)
. (27)
Multiplying the vacuum state 〈0a| on both sides of the above equations gives
∞∑
n=0
eng
n = r
∞∑
n=0
f ′ng
n, (28)
∞∑
n=0
fng
n = r
∞∑
n=0
e′ng
n. (29)
Eliminating the constant r then yields the condition G(E) = 0, where
G(E) =
∞∑
n=0
∆ fng
n
n− α− E ×
∞∑
n=0
∆ f ′ng
n
n− α′ − E −
∞∑
n=0
fng
n ×
∞∑
n=0
f ′ng
n. (30)
Because fn and f
′
n satisfy the same recurrence relation under the conditions α = α
′ = g2
and f0 = f
′
0 = 1, it follows that fn = f
′
n. The above condition simplifies to G±(x) = 0,
with
G±(x) =
∞∑
n=0
fn
(
1∓ ∆
x− n
)
gn, (31)
where we have set E = x− g2. It has been shown that the zeros of the G-functions give
the energy spectrum [38], as we discuss further below.
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2.2. Braak’s solution in Bargmann-Fock space
Here one considers the Bargmann-Fock space B of analytical functions in a complex
variable z. In the Bargmann-Fock space, the bosonic creation and annihilation operators
have the form [48, 49, 50, 51, 52, 53]
a→ d
dz
, a† → z. (32)
The hamiltonian H ′R thus becomes
H ′R =
(
z d
dz
+ g(z + d
dz
) ∆
∆ z d
dz
− g(z + d
dz
)
)
. (33)
In the Bargmann-Fock space, the eigenstate |φ〉 of hamiltonian H ′R can be expressed as
|φ〉 =
(
φ1(z)
φ2(z)
)
. (34)
Using a Fulton-Gouterman transformation |ϕ〉 = U |φ〉, with
U =
1√
2
(
1 1
T −T
)
, (35)
where T is the reflection operator acting on elements f(z) of B: Tf(z) = f(−z), gives
U †H ′RU =
(
H+ 0
0 H−
)
, (36)
with
H± = z
d
dz
+ g
(
z +
d
dz
)
±∆T. (37)
This result implies that H+(H−) acts in the subspace of positive (negative) parity H+
(H−). In the subspace H+ with positive parity the Schro¨dinger equation reads
z
d
dz
ϕ1(z) + g
(
z +
d
dz
)
ϕ1(z) + ∆ϕ1(−z) = Eϕ1(z). (38)
This a functional differential equation in z. Setting the notation f1(z) = ϕ1(z) and
f2(z) = ϕ1(−z) one obtains a coupled system of first-order equations,
(z + g)
df1
dz
+ (gz − E)f1 +∆f2 = 0, (39)
(z − g)df2
dz
− (gz + E)f2 +∆f1 = 0. (40)
To solve these equations we set y = z + g, x = E + g2, f1,2(z) = e
−gy+g2χ1,2(y) and
obtain
y
dχ1
dz
= xχ1 −∆χ2, (41)
(y − 2g)dχ2
dz
= (x− 4g2 + 2gy)χ2 −∆χ1. (42)
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These coupled equations are solved by expanding χ2(y) in a power series in y,
χ2(y) =
∞∑
n=0
Kn(x)y
n. (43)
Then from equation (41) we obtain
χ1(y) =
∞∑
n=0
Kn(x)
∆
x− ny
n. (44)
Equation (42) gives the three-term recurrence relation
nKn = Ω(n− 1)Kn−1 −Kn−2. (45)
Here the initial coefficients K0 and K1 are chosen to be K0 = 1 and K1 = Ω(0). We
note that the coefficients Kn have the same form as those of fn in the Bogoliubov
transformation approach.
It therefore follows that there are two representations for ϕ1(z) in H+, namely
ϕ11(z) = f1(z) = e
−gz
∞∑
n=0
Kn(x)
∆
x− n(z + g)
n, (46)
ϕ21(z) = f2(−z) = egz
∞∑
n=0
Kn(x)(g − z)n. (47)
Similarly there are two representations for ϕ2(z) in H−,
ϕ12(z) = e
−gz
∞∑
n=0
Kn(x)
−∆
x− n(z + g)
n, (48)
ϕ22(z) = e
gz
∞∑
n=0
Kn(x)(g − z)n. (49)
From the two representations for ϕ1 and ϕ2 we have
G+(x, z) = ϕ
2
1(z)− ϕ11(z) = 0, (50)
G−(x, z) = ϕ22(z)− ϕ12(z) = 0. (51)
The conditions G±(x, z) = 0 hold in the whole complex plane if and only if
x = E + g2 corresponds to a point in the energy spectrum of the quantum Rabi model.
From a mathematical point of view, iff x = E + g2 is a point in the energy spectrum
of the quantum Rabi model, both ϕ1,21 (z) and ϕ
1,2
2 (z) are analytic in the whole complex
plane. For z = 0 we have the simplified form
G±(x) =
∞∑
n=0
Kn(x)
(
1∓ ∆
x− n
)
gn. (52)
This function is plotted in figure 1 and discussed further in Section 3. It can be written
directly in terms of confluent Heun functions [40].
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Figure 1. The quantum Rabi model functions G+(x) (red lines) and G−(x) (blue
lines) as functions of the variable x/ω in the interval [−1, 5] for parameter values
g/ω = 0.7 and ∆/ω = 0.4. The regular parts of the energy eigenspectrum follow from
the conditions G±(x) = 0. Poles at the values x = nω correspond to the exceptional
two-fold degenerate Judd points. Reproduced with permission from [38].
2.3. Solution in terms of confluent Heun functions
The confluent Heun function [54, 55] appears naturally in the analytic solution for the
wave function components in the Bargmann-Fock space. It follows from equations (33)
and (34) that‖
(z + g)
dφ1
dz
+ (gz −E)φ1 +∆φ2 = 0, (53)
(z − g)dφ2
dz
− (gz + E)φ2 +∆φ1 = 0. (54)
We note that the same equations can be obtained via a different method [141, 142].
Eliminating φ2 and φ1 from these two equations gives second-order differential equations
for φ1(z) and φ2(z) of the form
d2φ1
dz2
+ p1(z)
dφ1
dz
+ q1(z)φ1 = 0, (55)
d2φ2
dz2
+ p2(z)
dφ2
dz
+ q2(z)φ2 = 0, (56)
with
p1,2(z) =
(1− 2E − 2g2)z +∓g
z2 − g2 ,
‖ The solution outlined here in terms of confluent Heun functions follows that given by the present
authors [42]. The reader is also referred to the compact treatment given in [43], in which the confluent
Heun functions appear naturally around the relevant singularities. As far as we are aware, the first
mention of confluent Heun functions in the context of the quantum Rabi model was by D. Braak (see
[41]).
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q1,2(z) =
−g2z2 +∓gz + E2 − g2 −∆2
z2 − g2 .
Using an appropriate variable transformation, these equations for φ1 and φ2 can be
transformed into the confluent Heun equation, such that their solutions follow in terms
of confluent Heun functions [42]. The two different types of solutions
φ11(z) = e
−gzHC
(
α1, β1, γ1, δ1, η1,
g − z
2g
)
, (57)
φ12(z) =
∆
E + g2
e−gzHC
(
α2, β2, γ2, δ2, η2,
g − z
2g
)
, (58)
and
φ21(z) =
∆
E + g2
egzHC
(
α2, β2, γ2, δ2, η2,
g + z
2g
)
, (59)
φ22(z) = e
gzHC
(
α1, β1, γ1, δ1, η1,
g + z
2g
)
. (60)
follow from equations (55) and (56) (details are given in Appendix A). Here
HC(α, β, γ, δ, η, x) =
∞∑
n=0
hnx
n (61)
is the confluent Heun function. The coefficients hn are defined from the three-term
recurrence relation
Anhn = Bnhn−1 + Cnhn−2, n ≥ 1, (62)
with initial conditions h0 = 1 and h−1 = 0 and
An = 1 + β/n, (63)
Bn = 1 + (β + γ − α− 1)/n+ [η − β/2 + (γ − α)(β − 1)/2]/n2, (64)
Cn = [δ + α(β + γ)/2 + α(n− 1)]/n2. (65)
The various parameters appearing in the confluent Heun functions are α2 = α1 = 4g
2,
β2 = γ1 = −(E + g2), γ2 = β1 = −(E + g2 + 1), δ2 = −δ1 = 2g2 and η2 = η1 + δ1 =
−3g4/2− (3 + 2E)g2/2 + (E2 + E −∆2 + 1)/2.
The two equations (53) and (54) have Z2 symmetry. This can be seen by replacing
z by −z in the equations, giving
(z − g)dφ1(−z)
dz
− (gz + E)φ1(−z) + ∆φ2(−z) = 0, (66)
(z + g)
dφ2(−z)
dz
+ (gz − E)φ2(−z) + ∆φ1(−z) = 0. (67)
It is clearly seen that if (φ1(z), φ2(z)) are solutions of equations (53) and (54) then
(φ2(−z), φ1(−z)) are also solutions. If the energies are not degenerate, then(
φ1(z)
φ2(z)
)
= C
(
φ2(−z)
φ1(−z)
)
. (68)
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This leads to the two possible values C ± 1, with C = 1 and C = −1 corresponding to
the symmetric and anti-symmetric solutions, respectively. From the two sets of different
solutions φ1,21 and φ
1,2
2 the symmetric and anti-symmetric solutions,
φ+1 (z) = φ
1
1(z) + φ
2
1(z), (69)
φ+2 (z) = φ
1
2(z) + φ
2
2(z), (70)
and
φ−1 (z) = φ
1
1(z)− φ21(z), (71)
φ−2 (z) = φ
1
2(z)− φ22(z), (72)
are constructed. They satisfy the relations φ+1,2(z) = φ
+
2,1(−z) and φ−1,2(z) = −φ−2,1(−z).
Naturally, φ+1,2 and φ
−
1,2 are required to satisfy the two coupled equations (53) and
(54). This leads to two different relations
K±(E, z) := e−gz G±1 (E, z)∓∆egz G±2 (E, z)
:= e−gz G±3 (E, z)±
∆
E + g2
egz G±4 (E, z)
= 0, (73)
where
G±1 (E, z) = F1(E, z)±
∆
E + g2
e2gz F4(E, z), (74)
G±2 (E, z) = F3(E, z)±
∆
E + g2
e−2gz F2(E, z), (75)
G±3 (E, z) = F1(E, z)∓∆e2gz F3(E, z), (76)
G±4 (E, z) = F4(E, z)∓∆e−2gz F2(E, z), (77)
with
F1(E, z) = (E + g
2) HC
(
α1, β1, γ1, δ1, η1,
g − z
2g
)
+
g + z
2g
HC′
(
α1, β2, γ1, δ1, η1,
g − z
2g
)
,
F2(E, z) = HC
(
α2, β2, γ2, δ2, η2,
g − z
2g
)
,
F3(E, z) = HC
(
α1, β1, γ1, δ1, η1,
g + z
2g
)
,
F4(E, z) = (E − g2 − 2gz)HC
(
α2, β2, γ2, δ2, η2,
g + z
2g
)
− g + z
2g
HC′
(
α2, β2, γ2, δ2, η2,
g + z
2g
)
.
Here HC′(α, β, γ, δ, η, x) denotes the derivative of the confluent Heun function (61) with
respect to x. From the relation K±(E, z) = 0 we can also obtain two sets of sufficient
conditions, namely the pair of weaker conditions
G±1 (E, z) = G
±
2 (E, z) = 0 and G
±
3 (E, z) = G
±
4 (E, z) = 0. (78)
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It is clear that if these conditions are satisfied, then K±(E, z) = 0. It has been shown
that G±1,2,3,4 = 0 and Braak’s G± = 0 give the same result for the energy spectrum of the
quantum Rabi model [42], as discussed further in Section 3.1. Such conditions hold for
z in the range |(g−z)/2g| < 1 and |(g+z)/2g| < 1, where the confluent Heun functions
are convergent.
It should be noted that the Braak G-function approach essentially involves gluing
together two local series solutions to obtain a global solution which is entire. The
motivation for this section has been to present this line of approach to the end in terms
of confluent Heun functions. In this sense the solution to the eigenspectrum problem of
the quantum Rabi model is seen to involve known functions.
2.4. Integrability
There has been some recent discussion concerning the issue of quantum integrability
and the Rabi model [38, 56, 57, 58]. One underlying factor is that, unlike the single
clearcut definition of classical integrability, there are various definitions of quantum
integrability [59, 60]. Arguably for one-dimensional quantum systems, the most
appropriate definition is Yang-Baxter integrability. However, the concept of Yang-
Baxter integrability applies to many-body systems. One could take the strict view
that the quantum Rabi model, comprised of one qubit interacting with a single mode of
a quantised light field, does not constitute a many-body system, at least in the Yang-
Baxter sense. Yet from another perspective, exactly solved models are known to go
hand-in-hand with integrable systems. Given that analytic solutions have been obtained
for the quantum Rabi model of the type reviewed in this article, it is natural to expect
some kind of underlying integrability. To this end, Braak proposed a phenomenological
level-labelling criterion of quantum integrability [38], which is satisfied by the quantum
Rabi model. Despite previous attempts, the quantum Rabi model does not appear
to be Yang-Baxter integrable, at least in the usual form and in the full parameter
space [57]. However, an inkling that this might be possible has been provided by
the connection between the confluent Heun equation and Painleve´ V [61]. In this
way the energy spectrum of the quantum Rabi model can be obtained in terms of
Painleve´ V transcendents [61], however the ramifications of this result are still to be fully
understood. Also on the question of integrability, it was pointed out recently [58] that
a numerical study of two-dimensional patterns of quantum invariants in the anisotropic
Rabi model [62, 63] implies that the quantum Rabi model is not integrable.
The quantum Rabi model has been claimed to be a quasi-exactly solved model
[56, 64]. The concept of quasi-exact solvability applies to a quantum system for which
only part of the eigenspectrum can be derived algebraically [65, 66, 67]. For the quantum
Rabi model this is the exceptional part of the eigenspectrum made up of the isolated
exact Judd points, which can be derived algebraically, among a number of different
approaches, as discussed further below. It seems however, that for all intents and
purposes the quantum Rabi model can be regarded as an exactly solved model, since
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an analytic solution has been obtained and applies to all parts of the eigenspectrum.
3. Energy spectrum and dynamics
Over the past decades various methods have been used to compute the energy spectrum
of the quantum Rabi model, or equivalently, the energy spectrum of the JC model
beyond the RWA. The problem of finding the energy eigenvalues is reduced to the
diagonalisation of an infinite tridiagonal matrix [68], which can be done numerically by
truncation of the matrix to finite order. Some other approaches are series expansions [69]
and continued fractions [70, 71, 72, 73, 74, 75]. Various other computational schemes
have been discussed (see, e.g., [76] and references therein) with the necessary aim to be
effective in the ultrastrong and deep strong coupling regimes. A method known as the
generalised RWA has been used [24, 25, 26, 28, 27, 29, 30] to calculate physical quantities
of interest. Another approach uses an analytic approximation based on an unitary
transformation [77, 78]. Variational approaches have also been applied [79, 80], most
recently in a polaron-antipolaron context [81, 82]. We mention also a continued fraction
and three-term recurrence relation approach which has been developed to calculate the
energy spectrum using an F -function [56, 73, 74, 75]. This is different to Braak’s G-
function, but works in a similar fashion.
Our emphasis here is on the energy spectrum obtained via the analytic approach
through G-functions.
3.1. Energy spectrum
As stated already, the energy spectrum of the quantum Rabi model includes both regular
and exceptional parts. These parts of the energy spectrum can be clearly defined in terms
of the variable x = E/ω + g2/ω2 [38, 40]. Specifically, the regular spectrum consists
of the values En for which xn is not a non-negative integer. The exceptional spectrum
consists of the values En for which xn is a non-negative integer. The regular parts of
the energy spectrum correspond to the non-degenerate parts determined by the zeros of
the G-functions,
G±(E, z) = 0, G±1,2,3,4(E, z) = 0, (79)
given in equations (52) and (74)–(77).
It has been shown that G+, G
+
3,4, and G
−
1,2 have the same zeros, as can be seen in
figure 2. In addition, G−, G+1,2, and G
−
3,4 have the same zeros, as shown in figure 3.¶
There are no level crossings within each parity subspace. This allows a unique labelling
of each state by a pair of quantum numbers: the parity p = ±1 and n = 0, 1, 2, . . . which
are the nth zeros of the G-functions corresponding to the eigenstates of the bosonic
mode. This labelling is used in figure 4, which shows the low-lying energy spectrum as
a function of the coupling g.
¶ Note there is a typo in the figure 2 caption in Ref. [42]: G−(E, z) and G+(E, z) should be
interchanged.
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Figure 2. G+1,2,3,4(E, z) as functions of the energy E/ω for z = 0 ((a) and (c)) and
z = 0.3 ((b) and (d)). The parameter values are ω = 1, ∆/ω = 0.7 and g/ω = 0.8. The
solid lines are for G+1,3(E, z) and the dashed lines for G
+
2,4(E, z). Here the zero axis
defines the conditions G+1,2,3,4(E, z) = 0. The circles thus correspond to the allowed
energies. For comparison, also shown are Braak’s [38] functions G−(E, z) (dotted lines
in (a) and (b)) and G+(E, z) (dotted lines in (c) and (d)). It is seen that G
+
1,2(E, z)
and G−(E, z) have the same roots. Similarly for G
+
3,4(E, z) and G+(E, z). Reproduced
with permission from [42].
Although the analytic solutions φ11(z) (φ
1
2(z)) and φ
2
1(z) (φ
2
2(z)) given above seem
to be of different forms, they are actually two linearly dependent solutions when β1 (β2)
and γ1 (γ2) are not integers. For two linearly dependent solutions their Wronskian must
be zero, i.e.,
W1(E, z) := φ
2
1
dφ11
dz
− φ11
dφ21
dz
= 0, (80)
and
W2(E, z) := φ
2
2
dφ12
dz
− φ12
dφ22
dz
= 0. (81)
Since φ12(−z) = φ21(z) and φ11(−z) = φ22(z), it follows that W1(E,−z) = W2(E, z). The
conditions W1,2(E, z) = 0 hold for arbitrary values of z if and only if E corresponds
to an eigenvalue in the energy spectrum of the generalised quantum Rabi model [38].
Therefore the energy spectrum of the quantum Rabi model can also be obtained with
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Figure 3. G−1,2,3,4(E, z) as functions of the energy E/ω with for z = 0 ((a) and (c))
and z = 0.3 ((b) and (d)). The parameter values are ω = 1, ∆/ω = 0.7 and g/ω = 0.8.
The solid lines are for G−1,3(E, z) and the dashed lines for G
−
2,4(E, z). Here the zero axis
defines the conditions G−1,2,3,4(E, z) = 0. The circles thus correspond to the allowed
energies. For comparison, also shown are Braak’s [38] functions G+(E, z) (dotted lines
in (a) and (b)) and G−(E, z) (dotted lines in (c) and (d)). It is seen that G
−
3,4(E, z)
and G−(E, z) have the same roots. Similarly for G
−
1,2(E, z) and G+(E, z). Reproduced
with permission from [42].
the Wronskian method [42, 43]. Indeed, the above Wronskians can be written in terms
of the confluent Heun functions.
3.2. Exceptional points
The exceptional part of the energy spectrum corresponds to poles of the G-functions,
with energy
En/ω = n− g2/ω2. (82)
At these exceptional points the parameters g/ω and ∆/ω satisfy relations among
themselves given by the condition
Kn(nω) = 0, (83)
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Figure 4. Energy spectrum of the quantum Rabi model as a function of the coupling
g for parameter values ∆ = 0.4 and ω = 1. The red and blue lines correspond to
positive and negative parities, respectively. On the left side the states with g = 0 are
labeled by |±, n〉, with + or − corresponding to the two-level system and n = 0, 1, 2, ...
to the eigenstates of the bosonic mode. Reproduced with permission from [38]
where Kn satisfies the three-term recurrence relation (45). This condition (83) defines
a series of constraint polynomials with increasing n. The exceptional points correspond
to the level crossings between the two parity subspaces, some of which can be seen
in figure 4. These points were first noticed by Judd [44] and are known as Judd or
Juddian solutions, sometimes also called isolated exact solutions. They have been
discussed by a number of authors and can be obtained via different approaches (see,
e.g., [44, 51, 53, 83, 84, 85, 86, 87]. For example, more recently it was shown that the
exceptional points and related constraint polynomials can be obtained from a system
of coupled Bethe Ansatz type equations [64]. From an analysis of the constraint
polynomials, Kus´ [87] was able to prove that there are n − k crossings points in the
energy spectrum for each value of n for ∆/ω in the range k < ∆/ω < k + 1.
The exceptional solutions can be obtained in a systematic way from the analytic
solution obtained in terms of confluent Heun functions. This is because, under
certain parameter conditions, the confluent Heun functions can be terminated as a
polynomial [54, 55, 88]. For the confluent Heun function (61) the set of conditions is
hN+1 = 0, (84)
δ = − (N + (γ + β + 2)/2)α, (85)
for integer N ≥ 0. Under these conditions, the coefficients hn vanish for n > N . The
Heun function thus truncates to N terms. Applying the conditions (84) and (85) in
this way leads to Judd’s isolated exact solutions, with a finite set of recurrence relations
following from (62). The coefficients are given by
An = n(n− 1−N), (86)
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Bn = (1− n+N)2 − 4(n− 1)g2/ω2 −∆2/ω2, (87)
Cn = 4(n− 2−N)g2/ω2. (88)
For the confluent Heun functions appearing in φ11,2(z) to be truncated as a finite
series, we require that E/ω = N1 + 1 − g2/ω2 with the coefficient hN1+1 = 0 in φ11(z)
and E/ω = N2 − g2/ω2 with the coefficient hN2+1 = 0 in φ12(z). By way of illustration,
consider the case N2 = 0 and N1 = 1, for which the energy eigenvalue
E/ω = 1− g2/ω2, (89)
subject to the parameter relation
∆2/ω2 + 4g2/ω2 − 1 = 0. (90)
The analytic solutions truncate to
φ11(z) =
(
1− 2g2 + 2gz) e−gz, (91)
φ12(z) = ∆e
−gz. (92)
In the second set of analytical solutions, φ21(z) and φ
2
2(z), we have E/ω =
N1 + 1− g2/ω2 with the coefficient hN1+1 = 0 in φ21(z) and E/ω = N2 − g2/ω2 with the
coefficient hN2+1 = 0 in φ
2
2(z). In the case of N1 = 0 and N2 = 0, we have again (89)
and (90), with now the solutions
φ21(z) = ∆e
gz, (93)
φ22(z) =
(
1− 2g2 − 2gz) egz. (94)
The two sets of solutions are clearly degenerate. From these, the symmetric and anti-
symmetric solutions,
φ±1 (z) = e
−gz (1− 2g2 + 2gz)±∆egz, (95)
φ±2 (z) = ∆e
−gz ± egz (1− 2g2 − 2gz), (96)
can readily be constructed. They satisfy φ+1,2(z) = φ
+
2,1(−z) and φ−1,2(z) = −φ−2,1(−z).
Importantly, from these exact symmetric and anti-symmetric solutions, it follows that
K±(E, z) = 0, G±1,2,3,4(E, z) 6= 0. (97)
This example thus gives an explicit demonstration that the weaker conditions
G±1,2,3,4(E, z) = 0 are only applicable for the regular part of the energy spectrum of
the quantum Rabi model.
The two-fold degenerate Judd points discussed so far are not the only exceptional
points in the energy spectrum. The other, non-degenerate, set of exceptional points
have also been discussed [40, 51, 86, 89, 90]. The system parameters do not satisfy a
constraint polynomial at these points, but other conditions can be derived.
3.3. Level spacing statistics
An important physical quantity to investigate the statistical properties of the energy
spectrum is the distribution of nearest-neighbour spacings defined by ∆En = En+1−En.
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Early computations of the nearest-neighbour spacing distribution [68, 91] indicated that
neither Poissonian nor Wigner-Dyson distributions provide a good description for the
results. Recall that Poissonian distributions are characteristic of integrable systems,
whereas Wigner-Dyson distributions are characteristic of chaotic systems. More recent
and extensive results [92] are shown in figure 5. The conclusion is that the distribution
has a two-peak structure, with peaks located at ∆E < 1 and ∆E > 1. The peaks
become narrower and move closer together as g increases. The peaks become wider
and separate from each other as ∆ increases. Kus´ [91] also identified two factors which
“confine” the overall shape of the distribution for higher energy levels, particularly if
one plots ∆En vs n. These are the Judd points and the g → ∞ (integrable) limit,
where the eigenvalues are also two-fold degenerate and given by En/ω = n − g2/ω2,
n = 0, 1, 2, . . ..
Some insights on the spectrum statistics can also be gained from the perspective of
the G-functions [38]. We know that the zeros of G± correspond to the regular parts of
the energy spectrum. If the parameters deviate from the conditions for the exceptional
solutions to hold, the distribution of the zeros of the G-functions is regular. Specifically,
the number of eigenvalues in each interval [nω, (n + 1)ω) is restricted to be 0, 1, or 2
for a given parity, as can be seen in figure 1. Moreover, it is believed that an interval
[nω, (n + 1)ω) with 2 roots of G± = 0 can only be adjacent to an interval with 1 or
0 roots. Similarly an empty interval can never be adjacent to another empty interval.
There are no level crossings within a parity subspace.
3.4. Dynamics
We now turn to the dynamical behaviour of the quantum Rabi model. The state vector
|ψ(t)〉 at any time t is a linear combination
|ψ(t)〉 =
∞∑
n=0
c↑n(t)|↑, n〉+
∞∑
n=0
c↓n(t)|↓, n〉 (98)
of the basis states |↑, n〉 and |↓, n〉 satisfying
σz|↑, n〉 = |↑, n〉, σz|↓, n〉 = −|↑, n〉, (99)
and
a†a|↑, n〉 = n|↑, n〉, a†a|↓, n〉 = n|↓, n〉. (100)
Substituting this expansion into the time-dependent Schro¨dinger equation gives
i
d
dt
c↑n(t) = (nω +∆)c
↑
n(t) + g(
√
nc↓n−1(t) +
√
n+ 1c↓n+1(t)), (101)
i
d
dt
c↓n(t) = (nω −∆)c↓n(t) + g(
√
nc↑n−1(t) +
√
n+ 1c↑n+1(t)). (102)
It is observed that | ↑, n〉 is coupled to the states | ↓, n + 1〉 and | ↓, n − 1〉. Similarly
| ↓, n〉 is coupled to | ↑, n + 1〉 and | ↑, n − 1〉. This coupling is related to the parity
operator (4), which is a conserved quantity, with eigenvalues p = ±1. It follows that
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Figure 5. Distribution of spacings between neighbouring energy levels for the
quantum Rabi model in the + parity subspace. The parameter values ∆ = Ω and
g are as indicated. The lowest 501 levels are considered. Reproduced with permission
from [92].
the dynamics moves inside the Hilbert space consisting of two unconnected subspaces
labelled by their parity,
|↓, 0〉 ↔ |↑, 1〉 ↔ |↓, 2〉 ↔ |↑, 3〉 ↔ . . . p = +1,
|↑, 0〉 ↔ |↓, 1〉 ↔ |↑, 2〉 ↔ |↓, 3〉 ↔ . . . p = −1. (103)
The initial state is assumed to be a coherent state in the upper level |↑〉,
|ψ(0)〉 = |↑, α〉 =
∑
n
e−|α|
2/2αn√
n!
|↑, n〉. (104)
A key quantity is the time evolution of the population inversion P (t) defined by
P (t) = 〈σz〉 = 〈ψ(t)|σz|ψ(t)〉 =
∑
n
(|c↑n|2 − |c↓n|2). (105)
In the weak coupling regime, P (t) can be obtained exactly under the RWA. For the
particular case 2∆ = ω,
P (t) =
∑
n
|c↑n(0)|2 cos(2
√
n + 1gt). (106)
In this weak coupling regime, the inversion P (t) shows the phenomena of collapse and
revival (CR). The CR of the population inversion was first predicted by Eberly et al. [93]
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Figure 6. Time evolution of the population inversion P (t) (solid curves) in the
dimensionless time scale τ = 2gt (a) with RWA, and for different coupling strength
g/ω = λ/ω = 0.02 (b), 0.2 (c), 0.5 (d) and 2.0 (e) obtained by numerical diagonalization
(black solid line) and the analytical solution in equation (107) (dashed red line). Here
the initial mean photons α =
√
10 and 2∆ = ω. Reproduced with permission from [33].
and later observed experimentally for a single Rydberg atom in a cavity [94]. The effect
of the CRT on the dynamics of the inversion has been studied numerically in a wide
range of g/ω [33, 95]. As g/ω is increased the CR phenomena disappears but reemerges
in the deep strong coupling regime (see figure 6). In the large coupling regime, there is
also an analytical result [33],
P (t) = −
∑
nm
an[bn,m cos(∆E
+
n,m)− µn,m cos(∆E−n,m)]
4
√
a2n + b
2
n,m + µ
2
n,m
, (107)
where an = f
+2
n + f
−2
n , bn,m = Dnm(2g/ω)f
+
n f
+
m, µn,m = Dnm(2g/ω)f
−
n f
−
m, f
±
n =
e−(g/ω−α)
2
[1 ± (−1)n],Dnm(x) = e−x2/2
∑min[n,m]
i=0 (−1)i
√
n!m!xn+m−2i/i!(m − i)!(n − i)!,
∆E±n,m = E
±
n −E±m, and E±m = ω(m−g2/ω2)∓ (−∆)Dmm(2g/ω). In the strong coupling
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regime, the terms ∆E±n,m can be further approximated to be ω(n−m). Like the above
result obtained for the RWA, this result involves the summation of cos terms, thereby
leading to the appearance of CR.
An intuitive physical framework has been provided for understanding the
reappearance of the CR [34]. In terms of the parity operator Π and b = σxb, the
Rabi hamiltonian HR can be written as
HR = b
†b+ g(b† + b)−∆(−1)b†bΠ. (108)
Here one can introduce the parity basis |p, nb〉 with b†b|p, nb〉 = nb|p, nb〉 and Π|p, nb〉 =
p|p, nb〉. The resulting hamiltonian describes a perturbed harmonic oscillator where the
last term behaves as an energy shift. If the initial state is |ψ(0)〉 = |+, 0b〉 = | ↓, 0a〉, the
particular case ∆ = 0 is exactly solvable. The wave function at any time t is given as
|ψ(t)〉 = eig2te−ig2 sin(t)|+, α(t)〉, (109)
where α(t) = g(e−it − 1) is the amplitude of the coherent state. The revival probability
of the initial state is
P+0b = |〈ψ(0)|ψ(t)〉|2 = e−|α(t)|
2
, (110)
exhibiting periodic CR, as shown in figure 7.
Comparison of CR phenomena between the JC and quantum Rabi models, among
other quantities, has also been made [96, 97]. We mention here also recent simulations
of oscillator tunneling dynamics [76], universal dynamics under slow quenches [98],
and the dynamics under drive and dissipation [99] in the quantum Rabi model.
For related and other dynamical aspects of the JC and quantum Rabi models, see
also [100, 101, 102, 103, 104, 105].
3.5. Berry phase
Geometric phases have been predicted to appear when a two-level system interacts with
a quantised field, including the vacuum state. Results have been reported regarding
the existence of a Berry phase in the quantum Rabi model induced by the unitary
transformation U(ϕ) = exp(−iϕa†a) [106, 107, 108, 109]. This was in contrast with
a previous result where it was argued that the appearance of such Berry phases is an
artifact of the RWA [110]. This issue appears to have been settled, with a nonvanishing
Berry phase appearing in both the JC and Rabi models. This Berry phase is given by
γn = 2π〈ψn|a†a|ψn〉, (111)
with |ψn〉 the nth eigenstate of the hamiltonian considered. The phases γn have been
calculated numerically as a function of g/ω (see figure 8).
Other aspects of the geometric curvature and phase in the quantum Rabi model
have also been discussed recently [111].
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Figure 7. (a)-(b) Round trip of a photon number wavepacket and CRs in the deep
strong coupling regime of the quantum Rabi model with initial state |+, 0b〉 = |↓, 0a〉.
c) CRs with secondary peaks due to counter propagating photon number wavepackets
with the initial state |+, 2b〉 = | ↓, 2a〉. For all cases ∆ = 0 and g/ω = 2. Reproduced
with permission from [34].
Figure 8. Geometric phase γ (in units of π) associated to eigenvectors of the quantum
Rabi hamiltonian as a function of g/ω. The parameter ∆′ = (2∆− ω)/ω with ∆′ = 0
the resonant case. Dashed lines correspond to phases associated to eigenvectors of the
JC hamiltonian. Reproduced with permission from [109].
4. Generalised quantum Rabi models
After Braak’s analytic solution of the quantum Rabi model, analytic solutions for the
full eigenspectrum of various known generalisations were found. These more general
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models are the
• asymmetric quantum Rabi model [38, 41, 89, 112],
• anisotropic quantum Rabi model [113, 114, 115, 116],
• two-photon quantum Rabi model [41, 117, 118, 119, 120, 121, 122, 123],
• two-mode quantum Rabi model [120, 124, 125],
• two-qubit quantum Rabi model [121, 126, 127, 128, 129, 130],
• Dicke model [131, 132],
• N -state quantum Rabi model [133].
In addition the quantum Rabi model has been solved in similar fashion with an
additional nonlinear coupling term σz a
†a between the atom and the cavity [89].
In this section we give an outline of the solutions obtained for the first three models
on this list, namely the asymmetric quantum Rabi model, the anisotropic quantum Rabi
model and the two-photon quantum Rabi model. The structure of the solution for the
two-mode quantum Rabi model shares a common structure with the one- and two-
photon quantum Rabi models [124]. Two-mode squeezed states are important because
several devices produce correlated light at two frequencies. Some isolated exact solutions
have been found for the two-mode quantum Rabi model [64, 119, 125] and the two-qubit
quantum Rabi model [126, 127, 130, 134]. The problem of two-qubits has potential
applications in quantum information technology because various quantum information
resources, such as quantum entanglement and quantum discord, can be easily stored
in two qubits in a common cavity [135]. Likewise the Dicke model [136], which is the
extension of the quantum Rabi model to N qubits, with each qubit interacting with
the same single mode of the cavity, is of immense practical importance. The analytic
solutions obtained so far for the Dicke model are for N = 3 [131] and also for general
N [132], although much work remains to be done in the general case.
4.1. Asymmetric quantum Rabi model
A generalised Rabi model is the asymmetric quantum Rabi model
HǫR = ωa
†a+ gσx(a† + a) + ∆σz + ǫσx. (112)
This model is also known as the biased quantum Rabi model. It has been studied
numerically in the context of thermalisation [60]. Due to the presence of the last term
in the hamiltonian, the Z2 symmetry is broken. However, H
ǫ
R can be embedded into
a larger system possessing a Z2 symmetry. In the Bargmann-Fock space, the model
can be solved in the extended Hilbert space [38]. This model can also be solved via
the Bogoliubov transformation [41]. The solution can be obtained by replacing α = g2
and β = 3g2 by α = g2 − ǫ and β = 3g2 − ǫ in equation (15), α′ = g2 and β ′ = 3g2
by α′ = g2 + ǫ and β ′ = 3g2 + ǫ in equation (23). It has been shown that like the
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quantum Rabi model, the nth eigenvalue En of the regular parts of the energy spectrum
is determined by the nth zero of the G-function
Gǫ = ∆
2R¯+(x)R¯−(x)− R+(x)R−(x), (113)
where
R± =
∞∑
n=0
K±n g
n, R¯± =
∞∑
n=0
K±n
x− n± ǫg
n. (114)
Here we have set fn = K
−
n , f
′
n = K
+
n and E = x−g2. In addition, in the Bargmann-Fock
space, the solutions can also be expressed in terms of confluent Heun functions [89, 112].
The two sets of solutions are now
φ11(z) = e
−gzHC
(
α1, β1, γ1, δ1, η1,
g − z
2g
)
, (115)
φ12(z) =
∆e−gz
E + g2 + ǫ
HC
(
α2, β2, γ2, δ2, η2,
g − z
2g
)
, (116)
and
φ21(z) =
∆egz
E + g2 − ǫHC
(
α1, γ1, β1,−δ1, η1 + δ1, g + z
2g
)
, (117)
φ22(z) = e
gzHC
(
α2, γ2, β2,−δ2, η2 + δ2, g + z
2g
)
. (118)
In φ1,21 (z), the parameter values are α1 = 4g
2, β1 = −(E+ǫ+g2+1), γ1 = −(E−ǫ+g2),
δ1 = −2(1−2ǫ)g2 and η1 = −3g4/2+ (1−2E−4ǫ)g2/2+ (E2+E− ǫ2+ ǫ−2∆2+1)/2.
In φ1,22 (z), α2 = 4g
2, β2 = −(E + ǫ+ g2), γ2 = −(E − ǫ+ g2 + 1), δ2 = 2(1 + 2ǫ)g2 and
η2 = −3g4/2− (3 + 2E + 4ǫ)g2/2 + (E2 + E − ǫ2 − ǫ− 2∆2 + 1)/2.
It has been shown that although the analytic solutions φ11(z) (φ
1
2(z)) and φ
2
1(z)
(φ22(z)) appear to have different forms, they are actually two linearly dependent solutions
when β1 (β2) and γ1 (γ2) are non-integer. Since they are linearly dependent, their
Wronskian may be used to construct the conditions
W ǫ1(E, z) := φ
2
1
dφ11
dz
− φ11
dφ21
dz
= 0, (119)
W ǫ2(E, z) := φ
2
2
dφ12
dz
− φ12
dφ22
dz
= 0, (120)
for the energy spectrum, from which the regular parts of the spectrum can be obtained.
The exceptional parts of the energy spectrum can be given from the conditions for
truncation of the confluent Heun functions, and take the form [112]
E±n /ω = n− g2/ω2 ± ǫ/ω, (121)
where for the purposes of this discussion we have restored ω. The energy separation
between exceptional points of the same integer n is determined by the parity-breaking
term
E+n − E−n = 2ǫ. (122)
The quantum Rabi model: solution and dynamics 25
This means that two exceptional points with the same integer n gradually separate when
ǫ increases. For some specific values of ǫ, exceptional points with different n may form
degenerate points of energy. For example, if the condition
ǫ/ω =
1
2
(n2 − n1) (123)
is satisfied, we may have E+n1 = E
−
n2
. This is to say that the two exceptional points form a
two-fold degenerate energy point when ǫ is an integer multiple of 1
2
ω [38, 112]. Constraint
polynomials for exceptional points have also been discussed for this model [112, 137].
The results obtained by Kus´ [87] for the number of level crossings for the ǫ = 0
case can be generalised [137]. For a given value of N there are N level crossings for
0 < ∆/ω <
√
1 + 2ǫ/ω, reducing to N − k crossing points for ∆ in the range√
k2 + 2kǫ/ω < ∆/ω <
√
(k + 1)2 + 2(k + 1)ǫ/ω . (124)
The class of exceptional points not satisfying a constraint polynomial have also been
discussed for this model [90].
It has been shown that the effect of the bias parameter ǫ is to induce a conical
intersection point in the energy spectrum at each of the two-fold degenerate Judd points
located at ǫ = 0 [138]. Conical intersection points also occur for ǫ an integer multiple
of 1
2
ω. Their precise location, and the energy landscape in general, have been explored
in the g-ǫ plane. A typical conical intersection is shown in figure 9. It remains to
investigate the influence of this landscape on the physical properties of the model. For
example, geometric phases associated to trajectories encircling such conical intersection
points are expected to be nonvanishing.
4.2. Anisotropic quantum Rabi model
The anisotropic quantum Rabi model is defined by the hamiltonian
H = ωa†a+∆σz + g(a†σ− + aσ+) + λg(a†σ+ + aσ−). (125)
Here the two rotating terms have different couplings, with λ = 0 reducing to the JC
model and λ = 1 the quantum Rabi model. Different couplings of this kind appear to
have first been introduced in the context of the more general Dicke model [139]. The
anisotropic quantum Rabi model can be realised in different physical systems [113].
In particular, it has been shown that the model can be used to fit experimental data
for superconducting circuits in the strongly coupled regime [16, 113]. The anisotropic
quantum Rabi model has recently been investigated in the context of quantum state
engineering in hybrid open quantum systems [140].
The eigenspectrum of the anisotropic quantum Rabi model has been obtained via
the G-function approach by various authors [113, 115, 116]. Isolated exact solutions
have also been discussed [114], along with a connection of the general hamiltonian to
differential operators of Dunkl type [58]. In the Bargmann-Fock space, the eigenstate
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Figure 9. Elementary cone centred at ǫ = 0 in the energy spectrum of the asymmetric
quantum Rabi model in the g-ǫ plane for parameter values ∆ = 0.7 and ω = 1.
Reproduced with permission from [138].
|ψ〉 can be expressed as
|ψ〉 =
(
ψ1
ψ2
)
, (126)
and thus from H|ψ〉 = E|ψ〉 follow the coupled equations
z
dψ1
dz
+ g
dψ2
dz
+ λgzψ2 +∆ψ1 = Eψ1, (127)
λg
dψ1
dz
+ z
dψ2
dz
+ gzψ1 −∆ψ2 = Eψ2. (128)
The linear combinations φ1 = ψ1 + ψ2 and φ2 = ψ1 − ψ2 then lead to the equations for
φ1(z) and φ2(z)(
z +
1 + λ
2
g
)
dφ1
dz
+
1 + λ
2
gzφ1 − 1− λ
2
g
dφ2
dz
+
1− λ
2
gzφ2 +∆φ2 = Eφ1, (129)(
z − 1 + λ
2
g
)
dφ2
dz
− 1 + λ
2
gzφ2 +
1− λ
2
g
dφ1
dz
− 1− λ
2
gzφ1 +∆φ1 = Eφ2. (130)
It is important to note that this model has a Z2 symmetry of the form φ1(−z) = ±φ2(z),
which plays a crucial role in solving the model.
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The above equations are solved by introducing the transformation
φ1 =
(1 +
√
λ)ϕ1 − (1−
√
λ)ϕ2
1 + λ
, (131)
φ2 =
(1−√λ)ϕ1 + (1 +
√
λ)ϕ2
1 + λ
, (132)
which leads to the different set of coupled equations
(z + g
√
λ)
dϕ1
dz
+ g
√
λzϕ1 +
1− λ
1 + λ
∆ϕ1
− g(1− λ)dϕ2
dz
+
2
√
λ
1 + λ
∆ϕ2 = Eϕ1, (133)
(z − g
√
λ)
dϕ2
dz
− g
√
λzϕ2 − 1− λ
1 + λ
∆ϕ2
− (1− λ)gzϕ1 + 2
√
λ
1 + λ
∆ϕ1 = Eϕ2. (134)
At this stage, the method suggested by Braak [38] is followed by setting y = z + g
√
λ,
x = E + g2λ− 1−λ
1+λ
∆, α = −(1 − λ)g2√λ− 2
√
λ
1+λ
∆ and ϕ1,2 = f1,2 exp[−g
√
λz]. In such
a way follow the coupled equations
y
df1
dy
− xf1 = αf2 + (1− λ)gdf2
dy
, (135)
(y − 2g
√
λ)
df2
dz
+
(
−2g
√
λy + 4g2λ− 21− λ
1 + λ
∆− x
)
f2
= αf1 + (1− λ)gyf1. (136)
The strategy is to then seek a series solution for f2, with f2 =
∑∞
n=0Knz
n. Then from
equation (135) one obtains
f1 =
∞∑
n=0
αKn + (1− λ)(n+ 1)gKn+1
n− x y
n. (137)
The three-term recurrence relation
anKn+1 = bnKn + cnKn−1, (138)
follows from equation (136), with
an = 2g
√
λ(n+ 1) +
(1− λ)(n+ 1)
n− x gα, (139)
bn = n + (4g
2λ− 21− λ
1 + λ
∆− x)− α
2
n− x −
(1− λ)2g2n
n− 1− x , (140)
cn = − 2g
√
λ− (1− λ)gα
n− 1− x . (141)
The regular parts of the energy spectrum are given by the zeros of the G-functions,
Gλ± = 0, defined by
Gλ+ = (1 +
√
λ)(ϕ1(−z)− ϕ2(z))− (1−
√
λ)(ϕ1(z) + ϕ2(−z)), (142)
Gλ− = (1 +
√
λ)(ϕ1(−z) + ϕ2(z)) + (1−
√
λ)(ϕ1(z)− ϕ2(−z)). (143)
It is clearly seen that for λ = 1 the results given for the quantum Rabi model are
recovered.
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4.3. Two-photon quantum Rabi model
The two-photon quantum Rabi model is a direct generalization of the quantum Rabi
model, with hamiltonian
H = ∆σz + ωa
†a + gσx(a
†2 + a2). (144)
This model can be used to describe a two-level atom interacting with squeezed light
[143] and quantum dots inserted in a QED microcavity [144]. Most recently, an
implementation of the two-photon quantum Rabi model has been proposed using
trapped ions [145]. The eigenspectrum of this model has been obtained and discussed
via the G-function approach by various authors [41, 117, 118, 120, 121, 122, 123]. Some
isolated exact solutions have also been obtained [64, 119, 146, 147, 148].
The eigenstate |ψ〉 of the two-photon quantum Rabi hamiltonian H is again
|ψ〉 =
(
ψ1
ψ2
)
. (145)
The Schro¨dinger equation H|ψ〉 = E|ψ〉 gives
a†aψ1 + g(a
†2 + a2)ψ2 +∆ψ1 = Eψ1, (146)
a†aψ2 − g(a†2 + a2)ψ1 −∆ψ2 = Eψ2. (147)
The linear combinations φ1 = ψ1 + ψ2 and φ2 = ψ1 − ψ2 then satisfy
a†aφ1 + g(a†2 + a2)φ1 +∆φ2 = Eφ1, (148)
a†aφ2 + g(a†2 + a2)φ2 +∆φ1 = Eφ2, (149)
which can be written in the matrix form
H ′
(
φ1
φ2
)
= E
(
φ1
φ2
)
(150)
with
H ′ =
(
a†a+ g(a†2 + a2) ∆
∆ a†a− g(a†2 + a2)
)
. (151)
A set of coupled second-order differential equations follows in the Bargmann-Fock
space,
g
d2φ1
dz2
+ z
dφ1
dz
+ (z2 −E)φ1 +∆φ2 = 0, (152)
−gd
2φ2
dz2
+ z
dφ2
dz
− (z2 + E)φ2 +∆φ2 = 0. (153)
These equations have two symmetries [117]: z → −z doesn’t change the equations, thus
φ1,2(z) are either both even, or both odd; z → iz swaps φ1(z) and φ2(z), leading to the
relations
φ1(iz) = Cφ2(z), φ2(iz) = Cφ1(z). (154)
The different symmetries thus give four possible values of C,
C = ±1,±i. (155)
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Following Braak’s approach [38] for the quantum Rabi model, the solutions
φ1,2(z) are first constructed. The transformation φ1,2(z) = e
−κz2ϕ1,2(z) with κ =
(1−
√
1− 4g2)/4g leads to
g
d2ϕ1
dz2
+ (1− 4gκ)zdϕ1
dz
− (2gκ+ E)ϕ1 +∆ϕ2 = 0, (156)
−gd
2ϕ2
dz2
+ (1 + 4gκ)z
dϕ2
dz
− (4κz2 − 2gκ+ E)ϕ2 +∆ϕ1 = 0. (157)
Then follows the expansion for ϕ1,2(z),
ϕ1(z) =
∞∑
n=0
Qn(E)z
n, ϕ2(z) =
∞∑
n=0
Kn(E)z
n. (158)
Inserting these expansions into equations (156) and (157) gives the iteration relations
g(n+ 2)(n+ 1)Qn+2 + [(1− 4gκ)n− 2gκ−E]Qn +∆Kn = 0, (159)
g(n+ 2)(n+ 1)Kn+2 − [(1 + 4gκ)n+ 2gκ−E]Qn
+4κKn−2 −∆Qn = 0. (160)
It is found that the indices n differ by 0, 2, or 4, thus only the coefficients Qn and Kn
with a common parity are non-zero. A single G-function may be constructed for each
value of the symmetry parameter C,
C = 1, G+(z, E) = φ2(iz)− φ1(z) = 0, Q0 = K0 = 1, (161)
C = −1, G−(z, E) = φ2(iz) + φ1(z) = 0, Q0 = −K0 = 1, (162)
C = i, Gi(z, E) = iφ2(iz) + φ1(z) = 0, Q1 = K1 = 1, (163)
C = −i, G−i(z, E) = iφ2(iz)− φ1(z) = 0, Q1 = −K1 = 1. (164)
The regular part of the energy spectrum has been determined from GC(z, E), as shown
in figure 10. Note that, differently to the G-functions of the quantum Rabi model,
the GC(z, E) functions in fact vanish identically [118] and thus the problem is not well
justified. Nevertheless, the method for finding the energy spectra via the GC(z, E)
functions and the above iteration relations still works by mixing entire functions with
truncated ones [122]. In addition, the analytical approach considered here can be used
to obtain the spectrum of the quantum Rabi model (1) with an additional nonlinear
coupling ±ωσza†a [149], since the equations for the wave function components in this
nonlinear quantum Rabi model have a similar form with equations (152) and (153) with
∆ = 0 [149].
For this model the exceptional eigenenergies have the form [146]
E
ω
= −1
2
+ (N +
1
2
)
√
1− 4 g
2
ω2
, N = 2, 3, 4, .... (165)
They are valid under relations satisfied by the system parameters. For example,
N = 2,
g2
ω2
+
∆2
24ω2
− 1
6
= 0, (166)
N = 3,
g2
ω2
+
∆2
40ω2
− 1
10
= 0, (167)
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Figure 10. Energy spectrum of the two-photon quantum Rabi model obtained from
the GC(E)-function approach for ∆ = ω0/2 = 1 and ω = 1. The circles marked
by N = 2, 3, 4 correspond to exact energies from equation (165). The corresponding
values of g are determined by the parameter relations (166)-(168). Reproduced with
permission from [117].
N = 4,
g4
ω4
− 2g
2
7ω2
+
∆4
4480ω4
− ∆
2
224ω2
+
17g2∆2
560ω4
+
1
70
= 0. (168)
These exceptional energies occur at level-crossings, but do not cover every crossing under
certain parameter conditions, as seen in figure 10. The remaining energy level crossings
take the form [147, 148]
E
ω
= −1
2
+N
√
1− 4 g
2
ω2
, N = 2, 3, 4, .... (169)
For example, for N = 2 and N = 3,
256
g2∆2
ω4
− (4∆
2
ω2
− 9)(1− 4∆
2
ω2
) = 0,
1
2
<
∆
ω
<
3
2
, (170)
64
g2∆
ω2
− (5∓ 2∆
ω
)(2
∆
ω
± 3)(1−±2∆
ω
) = 0,
1
2
<
∆
ω
< 2± 1
2
, (171)
respectively. These exceptional energies occur for ∆/ω > 1/2.
The two-photon Rabi model can also be solved with the Bogoliubov transformation.
A concise form of the G-functions obtained in this way [41] is
G±e,o =
∑
n
fn[1∓∆u
2 + ν2
n− x ]L
e,o
n = 0, (172)
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where x = ν2 + E(u2 + ν2) and
Len=2k =
(2k)!(uν)k
2k
k∑
j=0
(− ν2
u2
)j
j!(k − j)! , (173)
Lon=2k+1 =
(2k + 1)!ν(uν)k
2k
k∑
j=0
22jj!(− ν2
u2
)j
(2j + 1)!(k − j)! . (174)
Here u =
√
(β + 1)/2, ν =
√
(β − 1)/2 and β = 1/
√
1− 4g2. The coefficients fn satisfy
the three-term relation
(m+ 2)(m+ 1)fm+2 =
Ω(m)
uν + g(u2 + ν2)
)fm − fm−2, (175)
with
Ω(m) = (u2 + ν2)m+ ν2 + 2guν(2m+ 1)− E − ∆
m−ν2
u2+ν2
−E . (176)
The G-function for this model has been more recently derived in a concise and
compact way by using extended squeezed states for each Bargmann-Fock index [123].
The anisotropic version of the two-photon quantum Rabi model, in which the rotating
and counter-rotating terms enter with different coupling constants, has also been solved
by employing a variation of the Braak method based on Bogoliubov rotation of the
underlying su(1, 1) Lie algebra [120].
5. Experimental realisation
The quantum Rabi model hamiltonian (1) can be realised in many physical systems,
including cavity systems [150, 151], superconducting circuits [152, 153, 154], trapped
ions [155], quantum dots [156] and hybrid quantum systems [157, 158, 159]. In this
Section we give a brief outline of some key experimental realisations of the quantum
Rabi model in such distinctly different physical systems.
5.1. Single atom in a cavity
The quantum Rabi model can be realised with a single atom in cavity. For example, in
the microwave cavity quantum electrodynamics experiments [160, 161], the dispersive
interaction of single atoms with the trapped intra-cavity-photons in the strong coupling
regime has been realised. The atom is in the circular Rydberg states with two high
principle quantum numbers n = 50 and n = 51. The two circular levels are denoted by
|g〉 and |e〉 with energies Eg,e. The cavity is constructed using superconducting niobium
mirrors marked by C in figure 11a, and sustains a single mode radiation field of the
frequency ω.
In the dipole approximation, the interaction of the atom and cavity can be described
by the hamiltonian
H = ~∆(|e〉〈e| − |g〉〈g|) + ~ωa†a+ ~g(a† + a)(|g〉〈e|+ |e〉〈g|), (177)
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Figure 11. a) The experimental setup for a single atom in a cavity. In box B, the
circular Rydberg atoms are prepared in the circular state |g〉. The atoms cross the
cavity C which is sandwiched by two Ramsey cavities R1 and R2 fed by the classical
microwave source S. They are detected in the state selective field ionization detector
D. b) Quantum jump of the photons. Here red and blue bars are the raw signal, a
sequence of atoms detected in |e〉 or |g〉, respectively. A sudden change occurs in the
statistics of the detection events, revealing the quantum jump of the photon from |0〉
to |1〉. Reproduced with permission from [160].
with ∆ = (Ee − Eg)/2~ and g = d
√
(~ω)/2ǫ0V /~. Here d is the dipole matrix element
for the transition between the two levels and V is the volume of the cavity. Using the
Pauli spin operators to represent the atomic operators,
σz = |e〉〈e| − |g〉〈g|, σx = |e〉〈g|+ |g〉〈e|, (178)
gives
H = ~∆σz + ~ωa
†a+ ~g(a† + a)σx. (179)
In such cavity quantum electrodynamics experiments, the parameter values are
ω/2π = 51.1GHz and g/2π = 51kHz, with the ratio g/ω given by
g/ω ≈ 10−6. (180)
For this small value of g/ω, the interaction between the atom and field can be described
by the JC model. Much larger coupling strengths of relevance to the full Rabi model
can be achieved in experiments across other platforms. In this experiment, the non-
destructive measurements on single photons are performed via atoms. Quantum jumps
in the photon number are observed (see figure 11b).
5.2. Superconductor circuits
The quantum Rabi model is also realised in superconductor circuits. In particular, in
recent experiments where a flux qubit is coupled to an LC resonator, the ultrastrong-
coupling regime has been achieved [16]. The flux qubit consists of four Josephson
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junctions interrupting a superconducting loop (see figure 12c), which is threaded by an
external flux bias Φ. In certain conditions, the qubit potential landscape is of the form of
a double-well potential, where the two minima correspond to states with clockwise and
anticlockwise persistent currents ±Ip. The qubit thus behaves effectively as a two-level
system in the basis of the two persistent states, with effective hamiltonian
Hq = −~ǫσz − ~∆σx, (181)
where ǫ = 4Ip(Φ− Φ0/2)/~ with the flux quantum Φ0 = h/2e and 2∆ is the tunneling
coupling between the two persistent states. The resonator is made of two capacitors
(see figure 12a) and can be described as the harmonic oscillator
Hr = ~ωra
†a, (182)
where ωr = 1/
√
LrCr/2 is the resonance frequency.
The qubit is galvanically attached to the resonator with a coupling wire (see figure
12c). The interaction between the qubit and the resonator is described by
Hint = ~g(a
† + a)σz , (183)
where g = IpIrmsLK/~ with the kinetic inductance LK = 0.14~Rn/kBTc and the zero-
point current fluctuation Irms =
√
~ωr/2Lr. For typical parameter values in this
experiment, the ratio g/ωr is
g/ωr = IpIrmsLK
√
LrCr/2/~ ≈ 0.1, (184)
which belongs to the ultrastrong-coupling regime. In this experiment a 50MHZ Bloch-
Siegert shift has been measured (see figure 12d).
5.3. Hybrid quantum systems
The quantum Rabi model can also be realised in the hybrid systems [157, 158] which
integrate different physical systems. Here we discuss hybrid mechanical systems in
which a mechanical oscillator is coupled to superconducting qubits, as realised in an
experiment [18]. The nanomechanical resonator is the fundamental in-plane flexural
mode of a suspended silicon nitride nanostructure (see figure 13a), which can be
described by the harmonic oscillator
HNR = ~ωNR a
†a. (185)
In experimental conditions, ωNR/2π = 58MHz and the effective mass of the resonator is
M ≈ 4 × 10−6kg. The superconducting qubit is a Cooper Pair Box (CPB) coupled to
the nanoresonator though capacitance CNR. The dynamics of the CPB can be restricted
to the two energetically lowest charge states |n〉 and |n+ 1〉, and can be well described
by the simple spin-1
2
hamiltonian
HCPB =
Eel
2
σz − EJ
2
σx. (186)
In the first term of HCPB, Eel = 8EC(nCPB + nNR − n− 1/2) is the electrostatic energy
difference between the charge states and EC = e
2/2(CNR + CCPB + 2CJ) is the charge
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Figure 12. (a) Schematic diagram of the quantum circuit. The LC resonator is made
of two capacitors, each containing 50 figure of 150µm and 1.5µm width, and linked by
two long superconducting wires. There are two SQUIDs next to the resonator. (b)
Scanning electron micrograph (SEM) picture of the SQUID circuit. (c) SEM picture of
the qubit coupling to the resonator by the coupling wire of length l. (d) Bloch-Siegert
Shift. The blue dots are the measurement results and the dashed green lines are the
prediction from the JC model. The solid black line is the fit from the quantum Rabi
model and the dashed red line is the approximate result in Ref. [16]. Reproduced with
permission from [16].
energy, where CJ is the capacitance of the Josephson junction, CCPB is the capacitance
between the CPB island and a nearby gate electrode, and nCPB = CCPBVCPB and
nNR = CNRVNR are the polarization charges applied by the gate electrode and the
nanoresonator, which are held at potentials VCPB and VNR, respectively. In the second
term of HCPB, EJ = EJ0| cos(πΦ/Φ0)| is the Josephson energy of the junctions, where
Φ the externally applied magnetic flux.
The small displacement x of the nanoresonator can result in linear modulation of the
capacitance between the nanoresonator and CPB, with CNR = CNR(0) + (∂CNR/∂x)x.
The resulting interaction hamiltonian takes the form
Hint = ~g(a
† + a)σz , (187)
where
g =
4nNREc
~
1
CNR
∂CNR
∂x
xzp, (188)
and xzp =
√
~/2MωNR. In this experiment, a dispersive shift of the nanomechanical
frequency has been observed (see figures 13c and 13d).
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Figure 13. (a) Colourised scanning electron micrograph of the devices. The
nanoresonator is formed from low-stress silicon nitride with a thin coating of aluminium
for applying VNR. The CPB is positioned at a distance ∼ 300nm from the
nanoresonator. (b) Circuit schematic for measuring the dispersive shift ∆ωNR/2π
of the nanomechanical frequency using radiofrequency reflectometry. (c) Measured
nanoresonator frequency shift as a function of CPB parameters VCPB and Φ/Φ0 for
VNR = 7V. (d) Comparison between data (solid black lines) and model (dashed blue
lines) of selected traces of ∆ωNR/2π versus VCPB. Here the Φ bias is near minimum
EJ (labelled by 1) and maximum EJ (labelled by 2) in figure c. Reproduced with
permission from [18].
5.4. Artificial atoms in the ultrastrong and deep strong coupling regimes
The superconducting flux qubits are regarded as artificial atoms. The architecture of
circuit QED, made up of Josephson junctions, superconducting waveguides, inductors
and capacitors, is used in the most recent experiments [22, 23] to simulate atoms in the
ultrastrong and deep strong coupling regimes. In different setups, Forn-Diaz et al. [22]
couple the flux qubit to a transmission line and Yoshihara et al. [23] couple the flux
qubit to a microwave resonator. Also using circuit QED, a multi-cell photonic crystal
with a bandgap structure has been realised by alternating segments of waveguide with
varying impedance [162]. Replacing the transmon qubit with a flux qubit promises to
push the photonic crystal into the ultrastrong and deep strong coupling regimes. The
key point, as touched upon in this Section, is that such systems allow the simulation
of the quantum Rabi model, including the asymmetric version, in all coupling regimes.
Quantum simulators of this kind are thus exciting platforms for future discoveries in
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fundamental models of light-matter interaction.
6. Concluding remarks
In this article we have reviewed recent progress on the quantum Rabi model and related
generalised models – the asymmetric quantum Rabi model, the anisotropic quantum
Rabi model and the two-photon quantum Rabi model. Our emphasis has been on
the different analytic methods used to solve these models and the analytic solutions
obtained for their full eigenspectrum. These solutions have been obtained over the past
five years following Braak’s analytic solution [38] of the quantum Rabi model. We have
also discussed some results for the dynamics of the quantum Rabi model and presented
an overview of experimental realisations in different experimental settings.
The analytic solutions apply in the full parameter space of the models, in parameter
regimes which have traditionally challenged various numerical approaches. A number
of immediate questions arise regarding how these analytic solutions can be applied.
We list some of these questions here. For example, how can the analytic solutions
be applied to the calculation of the dynamics, to the calculation of Berry and other
geometric phases, and to the calculation of other quantities of interest like fidelity and
multipartite entanglement? What is the connection, if any, between the analytic solution
and previous work on ‘solving’ the quantum Rabi model in terms of spheroidal wave
functions [52]? The JC model has been solved for a general parafermion replacing the
usual qubit [163]. Can the analytic solution of the quantum Rabi model be extended to
a parafermion? The physics of an N -state atom interacting with a light field is rich [45].
Some initial results for the analytic solution of the quantum Rabi model extended to
an N -state atom have been obtained [133]. Much work also remains to fully develop
the analytic solution of the Rabi model for multi-qubits, with some specific analytic
solutions already given [126, 127, 130]. The bipartite and multipartite entanglement
dynamics of multi-qubit systems is of considerable interest (see, e.g., [30, 164]).
The overarching challenge is to uncover new phenomena to test the experimental
and quantum simulation advances which are now capable of probing the ultrastrong and
deep strong coupling regimes. One promising theoretical development which may have
interesting experimental consequences on the quantum information side is the discovery
of robust GHZ-like dark-states built from isolated exact solutions [126, 127]. As stated
elsewhere [165], the future of the quantum Rabi model and related models is very bright.
We look forward to further developments.
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Appendix A. Confluent Heun equation and confluent Heun function
Here we give further details of the derivation of the analytic solutions (57)-(60) obtained
in terms of confluent Heun functions. In the notation adopted in Maple, the confluent
Heun equation is defined by
d2y
dz2
+
(
α +
β + 1
z
+
γ + 1
z − 1
)
dy
dz
+
(
µ
z
+
ν
z − 1
)
y = 0. (A.1)
The confluent Heun equation follows from the Heun equation when one of the three
regular finite singularities becomes coincident (confluent) with the singularity at ∞
(see, e.g., [54, 55]). The solution is an infinite series
HC(α, β, γ, δ, η, z) =
∞∑
n=0
vn(α, β, γ, δ, η)z
n, (A.2)
which is regular around the singular point z = 0. The coefficients vn obey the three-term
recurrence relation
Anvn = Bnvn−1 + Cnvn−2, (A.3)
with v−1 = 0, v0 = 1 and
An = 1 + β/n, (A.4)
Bn = 1 + (β + γ − α− 1)/n+ [η − β/2 + (γ − α)(β − 1)/2]/n2, (A.5)
Cn = [δ + α(β + γ)/2 + α(n− 1)]/n2. (A.6)
With the above results in view, we first consider the solution for φ1(z) in (55) which
admits two types of solutions, namely
Type-I: φ1(z) = e
−gzf1(x1), (A.7)
Type-II: φ1(z) = e
gzf2(x2), (A.8)
where x1 = (g − z)/2g and x2 = (g + z)/2g. Substitution of φ1(z) = e−gzf1(x1) into
equation (55) gives a confluent Heun equation for f1(x1),
d2f1
dx21
+
(
α1 +
β1 + 1
x1
+
γ1 + 1
x1 − 1
)
df1
dx1
+
µ1x1 + ν1
x1(x1 − 1)f1 = 0, (A.9)
where µ1 = δ1 + α1(β1 + γ1 + 2)/2 and ν1 = η1 + β1/2 + (γ1 − α1)(β1 + 1)/2. The
parameters α1, β1, γ1, δ1 are as given in the main body of the text.
If −β1 = (E+g2+1) is not zero and a negative integer, the confluent Heun equation
has two linearly independent local Frobenius solutions around x1 = 0 [54, 55]. These
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are
f 11 (x1) = HC(α1, β1, γ1, δ1, η1, x1), (A.10)
f 21 (x1) = x
−β1
1 HC(α1,−β1, γ1, δ1, η1, x1), (A.11)
where the confluent Heun function HC is defined in (61). If both φ11(x1) and φ
2
1(x1)
are regarded as physically acceptable solutions, they must be entire functions over the
whole complex plane. f 11 (x1) satisfies such a requirement at least formally, since f
1
1 (x1)
is a series in x1 = (g − z)/2g. φ21(x1) may represent a physical solution only when −β1
is a positive integer because of the presence of the term x−β11 . Therefore, in a general
situation, f 11 (x1) can be used to construct the solution
f1(z) = C1 e
−gz HC
(
α1, β1, γ1, δ1, η1,
g − z
2g
)
, (A.12)
for φ1(z), where C1 is a constant to be determined.
On the other hand, substituting φ1(z) = e
gzf2(x2) into equation (55), gives a similar
confluent Heun equation for f2(x2),
d2f2
dx22
+
(
α2 +
β2 + 1
x2
+
γ2 + 1
x2 − 1
)
df2
dx2
+
µ2x1 + ν2
x2(x2 − 1)f2 = 0, (A.13)
where µ2 = δ2 + α2(β2 + γ2 + 2)/2 and ν2 = η2 + β2/2 + (γ2 − α2)(β2 + 1)/2. The
parameters α2, β2, γ2, δ2 are given in the main body of the text. In a similar way, the
solution for f2(z) is of the form
f2(z) = C2HC
(
α2, β2, γ2, δ2, η2,
g − z
2g
)
, (A.14)
where C2 is also a constant. Therefore, we obtain two types of solution for φ(z) in terms
of the confluent Heun functions,
φ11(z) = C1 e
−gz HC
(
α1, β1, γ1, δ1, η1,
g − z
2g
)
, (A.15)
φ21(z) = C2 e
gz HC
(
α2, β2, γ2, δ2, η2,
g + z
2g
)
. (A.16)
Likewise φ2(z) admits two types of solution
Type-I: φ2(z) = e
−gzχ1(x1), (A.17)
Type-II: φ2(z) = e
gzχ2(x2), (A.18)
with χ1,2 satisfying the confluent Heun equation. It follows that the two types of solution
for φ2(z) are given in terms of confluent Heun functions
φ12(z) = D1 e
−gz HC
(
α2, β2, γ2, δ2, η2,
g − z
2g
)
, (A.19)
φ22(z) = D2 e
gz HC
(
α1, β1, γ1, δ1, η1,
g + z
2g
)
, (A.20)
for constants D1,2.
Two sets of solutions – (A.15) and (A.19), (A.16) and (A.20) – have thus been
constructed for the coupled equations (53) and (54). The relation between the constants
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C1 (C2) and D1 (D2) may be determined by the fact that they must satisfy either
equation (53) or (54). Equation (54) is used to obtain the relation D1/C1 = ∆/(E+ g
2)
due to the presence of the term z − g. Similarly C2/D2 = ∆/(E + g2) follows from
equation (53). The constants C1 andD2 may be further determined by the normalisation
of the wavefunctions. We thus finally obtain the two types of analytic solutions given
in equations (57), (58) and (59), (60). For brevity we have chosen C1 = D2 = 1.
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